A generalized Möbius transform is presented. It is based on Dirichlet characters. A general algorithm is developed to compute the inverse Z transform on the unit circle, and an error estimate is given for the truncated series representation.
Introduction
We consider a causal, linear, time-invariant system with an infinite impulse response {c j } ∞ j 1 .
The system is assumed to be stable and the Z transform X z ∞ j 1 c j z −j is convergent for |z| > r, where r < 1. The frequency response of the system is obtained by evaluating the Z transform on the unit circle.
The arithmetic Fourier transform AFT offers a convenient method, based on the construction of weighted averages, to calculate the Fourier coefficients of a periodic function. It was discovered by Bruns 1 at the beginning of the last century. Similar algorithms were studied by Wintner 2 and Sadasiv 3 for the calculation of the Fourier coefficients of even periodic functions. This method was extended in 4 to calculate the Fourier coefficients of both the even and odd components of a periodic function. The Bruns approach was incorporated in 5 resulting in a more computationally balanced algorithm. In 6, 7 , Knockaert presented the theory of the generalized Möbius transform and gave a general formulation.
In 8 , Schiff et al. applied Wintner's algorithm for the computation of the inverse Ztransform of an infinite causal sequence. Hsu et al. 9 applied two special Möbius inversion formulae to the inverse Z-transform.
The transform pairs play a central part in the arithmetic Fourier transform and inverse Z-transform. In this paper, based on Dirichlet characters, we presented a generalized Möbius transform of which all the transform pairs used in the mentioned papers are the special cases. A general algorithm was developed in Section 2 to compute the inverse Z transform on the unit circle. The algorithm computes each term c j of the infinite impulse response from sampled values of the Z transform taken at a countable set of points on the unit circle. An error estimate is given in Section 3 for the truncated series representation. A numerical example is given in Section 4. Number theory and Dirichlet characters 10 play an important role in the paper.
The Algorithm
According to the Möbius inversion formula for finite series 4 , if n is a positive integer and f n , g n are two number-theoretic functions, then 
to be valid for all sequences f n , it is necessary and sufficient that
Let G be the group of reduced residue classes modulo q. Corresponding to each character f of G, we define an arithmetical function χ χ f as follows:
where n {x : x ≡ n mod q } and a, b denotes the greatest common divisor of a and b.
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The function χ is called a Dirichlet character modulo q. The principal character χ 1 is that which has the properties
If q ≥ 1, the Euler's totient φ q is defined to be the number of positive integers not exceeding q that are relatively prime to q. There are φ q distinct Dirichlet characters modulo q, each of which is completely multiplicative and periodic with period q. That is, we have χ mn χ m χ n ∀m, n, 2.7 χ n q χ n ∀n.
2.8
Conversely, if χ is completely multiplicative and periodic with period q, and if χ n 0 if n, q > 1, then χ is one of the Dirichlet characters modulo q.
Let f n be an arithmetical function. Series of the form 
2.11
In this way, we have defined a generalized Möbius transform pair.
Lemma 2.2. Let χ be a Dirichlet character modulo q; then transform pair
is valid for all q. c let q 2 α , α ≥ 2, and From these facts, we claim that Lemma 2.2 is actually an important extension on the Möbius inversion formula. In practice, we can choose the best possible transform pair.
We do not discuss the convergence of the transform pair since in practice it is used only on a truncated series. Next we establish our main theorem. 
2.21
Note that for a positive integer k
we have
c ln e −2πilr/q . 
2.29
In practice, a large number of coefficients c n may be calculated. We suppose that a truncation is employed. Next we estimate the error due to the truncation of the series.
Error Estimate
In order to estimate the error due to truncation of the series representation of the coefficients c n , we require the following lemma. 
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Proof. This is Lemma 3 of 8 .
Taking X z as in Theorem 2.3, we maintain the following theorem. 
3.4
This completes the proof of Theorem 3.2.
